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In this paper, we consider the nonintegrability for nonlinear systems under the simple
resonant case, i.e., the Jacobian matrix of vector ﬁeld at some ﬁxed point has some single
multiply zero eigenvalues, and some nonzero eigenvalues which are N-independent. By
using the Poincaré–Dulac normal form theory, we give a necessary condition for the system
under consideration to have formal ﬁrst integral.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Consider a system of differential equations
z˙ = f (z), z = (z1, . . . , zn) ∈ Cn, (1)
where f (x) is an n-dimensional vector-valued analytic function, and f (0) = 0.
Deﬁnition 1. Let U be an open set. A nonconstant function Φ : U → C is called a ﬁrst integral of system (1) if it is constant
along any solution curve of system (1). If Φ(z) is differentiable, this condition is equivalent to
dΦ
dt
∣∣∣∣
(1)
=
n∑
i=1
∂Φ
∂zi
f i ≡ 0. (2)
Furthermore, if Φ(z) and all components of f (z) are formal series in z and satisfy (2), then Φ(z) is called a formal ﬁrst
integral of system (1) in a neighborhood of the ﬁxed point z = 0.
In general, if system (1) has a suﬃciently rich set of ﬁrst integrals such that its solutions can be expressed by these
ﬁrst integrals, then we say system (1) is integrable. If system (1) does not admit any ﬁrst integrals, then we say it is
nonintegrable.
Early in 1891, Poincaré [2,6] presented a necessary condition for system (1) to have formal ﬁrst integrals.
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condition of the form
n∑
j=1
k jλ j = 0, k j ∈ N ∪ {0},
n∑
j=1
k j  1,
then system (1) does not have any analytic (formal) ﬁrst integrals in a neighborhood of the origin z = 0.
Since then, many scholars have devoted to ﬁnd some criterions for existence or nonexistence of ﬁrst integrals for differ-
ential equations systems. In 1983, Yoshida [9] proved that if a similarity invariant system is algebraically integrable, then
all eigenvalues of the Kowalevskaya matrix are rational. This is the well-known Yoshida criterion. Inspired by Yoshida’s
idea, Furta [2] obtained precise assertions on nonintegrability by using arithmetic properties of the eigenvalues of the
Kowalevskaya matrix for semiquasihomogeneous systems. Recently, Furta’s result was extended to more general systems
without the diagonalization assumption of the Kowalevskaya matrix [7]. Some related works can be found in [3,5,8,10,11]
and the references therein.
We note that in above works, the eigenvalues of the Jacobian matrix A are N-independent. But when the eigenvalues of
A are N-dependent, there is not a satisfying result yet.
In this paper, by using the Poincaré–Dulac normal form theory, we give a necessary condition for system (1) to have
formal ﬁrst integral in the case that the eigenvalues of the Jacobian matrix A are under simple resonance, i.e., A has some
single multiply zero eigenvalues and some nonzero eigenvalues which are N-independent.
This paper is divided as follows. Our main result is presented and proved in Section 2. In Section 3, we give two examples
to show validness of our result.
2. Main results
For simplicity, we consider the following system{
u˙ = G(u, v),
v˙ = Bv + H(u, v), (3)
where u = (u1, . . . ,um) ∈ Cm , v = (v1, . . . , vn) ∈ Cn , B is an n × n matrix, G(u, v) and H(u, v) are analytic, G(0,0) = 0,
H(0,0) = 0, and G(u, v) = O (|(u, v)|2), H(u, v) = O (|(u, v)|2).
Let the following hypothesis hold:
(H) The eigenvalues λ1, . . . , λn of matrix B do not satisfy any resonant condition of the following type
n∑
j=1
k jλ j = 0, k j ∈ N ∪ {0},
n∑
j=1
k j  1.
Then by Poincaré–Dulac normal form theorem [1], after a sequence of analytic coordinate transformations, it is not
diﬃcult to prove that system (3) can be reduced to the following canonical form{
x˙ = f (x),
y˙ = By + g(x, y), (4)
where x = (x1, . . . , xm) ∈ Cm , y = (y1, . . . , yn) ∈ Cn , f (x) = O (|x|2), g(x, y) = O (|(x, y)|2), g(x,0) ≡ 0, f (x) and g(x, y) are
both vector-valued formal series.
Lemma 1. Assume that (H) holds. Then any formal ﬁrst integral of system (4)must be independent on y.
Proof. Let us rewrite g(x, y) as
g(x, y) =
∞∑
i=0
∑
|k|=i
gk(y)x
k,
where gk(y) are vector-valued formal series in y and g0(y) has degree at least 2, k = (k1, . . . ,km)  0, xk = ∏mj=1 xk jj ,
and |k| =∑mj=1 k j . We assume Φ(x, y) is a formal ﬁrst integral of system (4). Then it must satisfy the following partial
differential equation〈
∂Φ(x, y)
, f (x)
〉
+
〈
∂Φ(x, y)
, By + g(x, y)
〉
≡ 0.∂x ∂ y
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Φ(x, y) =
∞∑
i=0
∑
|k|=i
Φk(y)x
k,
where Φk(y) are formal series in y. Then we have〈
∂
∂x
∞∑
i=0
∑
|k|=i
Φk(y)x
k, f (x)
〉
+
〈
∂
∂ y
∞∑
i=0
∑
|k|=i
Φk(y)x
k, By +
∞∑
i=0
∑
|k|=i
gk(y)x
k
〉
≡ 0. (5)
Equating the terms with degree 0 in x, we get〈
∂Φ0(y)
∂ y
, By + g0(y)
〉
≡ 0.
This shows that Φ0(y) is a ﬁrst integral of system
y˙ = By + g0(y). (6)
By Theorem 1 and (H), we can conclude that
Φ0(y) ≡ Φ0,
where Φ0 is a constant.
Now we assume that for any k with |k| N − 1, we have
Φk(y) ≡ Φk,
where Φk are constants. Then
Φ(x, y) =
N−1∑
i=1
∑
|k|=i
Φkx
k +
∞∑
i=N
∑
|k|=i
Φk(y)x
k.
Therefore (5) becomes〈
∂
∂x
N−1∑
i=1
∑
|k|=i
Φkx
k, f (x)
〉
+
〈
∂
∂x
∞∑
i=N
∑
|k|=i
Φk(y)x
k, f (x)
〉
+
〈
∂
∂ y
∞∑
i=N
∑
|k|=i
Φk(y)x
k, By +
∞∑
i=1
∑
|k|=i
gk(y)x
k
〉
≡ 0. (7)
Equating all the terms of (7) which contain xk yr (|k| = N, |r| 1), we obtain that〈∑
|k|=N
∂Φk(y)
∂ y
, By + g0(y)
〉
≡ 0.
This means that for any k with |k| = N , Φk(y) are formal integrals of system (6). By Theorem 1 and (H), we know that for
any k with |k| = N ,
Φk(y) = Φk,
where Φk are constants.
By the method of induction, it follows that for all k, Φk(y) are constants. Therefore the formal ﬁrst integral Φ(x, y) is
independent on y. 
Remark 1. Note that under the hypothesis of Lemma 1, system (4) may admit some ﬁrst integral which is dependent on y.
But this kind of ﬁrst integrals cannot be expanded to formal series. For example, the following 2-dimensional system{
x˙ = x2,
y˙ = 2y
satisﬁes the hypothesis of Lemma 1 and has a ﬁrst integral
Φ = 1
x
+ 1
2
log y.
Obviously, Φ is dependent on y but beyond our discussion range.
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f (x) = f2(x) + f3(x) + · · · + fk(x) + · · · , (8)
where fk(x) are vectors of homogeneous polynomial of degree k. Then we have the following lemma.
Lemma 2. Assume that f2(x) ≡ 0 and (H) holds. If system (4) has a formal ﬁrst integral, then system
x˙ = f2(x) (9)
has a homogeneous ﬁrst integral.
Proof. Assume that Φ(x, y) is a formal ﬁrst integral of system (4). By Lemma 1, Φ(x, y) is independent on y, so Φ(x, y) =
Φ(x). Furthermore, we have〈
∂Φ(x)
∂x
, f2(x) + f3(x) + · · · + fk(x) + · · ·
〉
= 0. (10)
Let us expand the function Φ(x) in the Maclaurin series
Φ(x) = Φl(x) + Φl+1(x) + · · · , (11)
where Φi(x) (i = l, l + 1, . . .) are i-degree homogeneous polynomials in x, Φl(x) is the lowest order term which is not equal
to zero.
Substituting (11) into (10), and equating the lowest terms in x, we obtain〈
∂Φl(x)
∂x
, f2(x)
〉
≡ 0.
So Φl(x) is a homogeneous ﬁrst integral of (9). 
System (9) can be treated as a quasihomogeneous system of degree 2 with exponents s1 = s2 = · · · = sm = 1 (for more
details, see [2,7]). If the algebraic equation
ξ + f2(ξ) = 0
has a nonzero solution ξ ∈ Cm , then system (9) has a particular solution of the form
x0(t) = t−Eξ,
where E is the identity matrix. Here ξ is called a balance of the given vector ﬁeld f2(x). There may exist a set of all possible
different balances.
Make the change of variables
x = t−E(ξ + w), t = lnτ ,
then system (9) reads
w ′ = Kw + f˜ (w),
where the prime means the derivative with respect to τ . K = E + ∂ f2
∂x (ξ) is the so-called Kowalevskaya matrix associated to
the balance ξ and f˜ (w) = Eξ + f2(ξ + w) − ∂ f2∂x (ξ).
Now we can state and prove our main result.
Theorem 2. Assume that (H) holds. For any balance ξ of the vector ﬁeld f2(x), if the eigenvalues μ1, . . . ,μm of the Kowalevskaya
matrix K associated to the balance ξ are N-independent, i.e., they do not satisfy any resonant condition of the form
m∑
j=1
k jμ j = 0, k j ∈ N ∪ {0},
m∑
j=1
k j  1, (12)
then system (3) does not have any formal ﬁrst integrals.
Proof. Since the eigenvalues μ1, . . . ,μm of the Kowalevskaya matrix K associated to the balance ξ are N-independent, by
Theorem C in [7], the system (9) does not have any formal ﬁrst integrals.
Suppose system (3) has a formal ﬁrst integral, then system (4) has a formal ﬁrst integral. By Lemmas 1 and 2, we know
that the quasihomogeneous system (9) should admit a homogeneous ﬁrst integral. There comes a contradiction. 
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Remark 3. In (8), if f2(x) = · · · = fk−1(x) ≡ 0, fk(x) ≡ 0, by the similar procedure, we can get the nonexistence criterion for
systems (3). In this case, condition (12) can be viewed as the kth order resonant condition.
Remark 4. Let m = 1. Then system (4) is reduced to{
x˙ = f (x) = a2x2 + a3x3 + · · · + anxn + · · · ,
y˙ = By + g(x, y), (13)
where a2 = 0. Assume that (H) holds. By Theorem 2, we can conclude easily that system (13) has no formal ﬁrst integrals.
This just conforms to Theorem 1 in [4].
3. Examples
We give an example illustrating Theorem 2.
Example 1. Consider the following system{
x˙i = xi(ai1x1 + ai2x2 + · · · + aimxm) + f i(x), i = 1,2, . . . ,m,
y˙ j = λ j y j + g j(x, y), j = 1,2, . . . ,n, (14)
where aik, λ j are real constants, x = (x1, . . . , xm), f i(x) = O (|x|3); y = (y1, . . . , yn), g j(x, y) = O (|(x, y)|2), g j(x,0) = 0.
System (14) is obviously in the form of (4). The quadratic system
x˙i = xi(ai1x1 + ai2x2 + · · · + ainxm), i = 1,2, . . . ,m, (15)
can be treated as a quasihomogeneous system with exponents s1 = · · · = sm = 1. It is easy to see that if akk = 0, then
system (15) has a balance ξ = (0, . . . ,− 1akk , . . . ,0). Thus system (15) has a particular solution x(t) = (0, . . . ,− 1akkt , . . . ,0).
For simplicity, we consider the case k =m. In this case the Kowalevskaya matrix is
K =
⎛
⎜⎜⎜⎜⎜⎜⎝
1− a1mamm 0 · · · 0 0
0 1− a2mamm · · · 0 0
...
...
. . .
...
...
0 0 · · · 1− a(m−1)mamm 0
− am1amm − am2amm · · · −
am(m−1)
amm
−1
⎞
⎟⎟⎟⎟⎟⎟⎠
.
Obviously,
μ1 = 1− a1m
amm
, μ2 = 1− a2m
amm
, . . . , μm−1 = 1− a(m−1)m
amm
, μm = −1
are m eigenvalues of K .
According to Theorem 2, if there is no resonant condition
k1λ1 + · · · + knλn = 0, k j ∈ N ∪ {0},
n∑
j=1
k j  1,
and
k′1
(
1− a1m
amm
)
+ · · · + k′m−1
(
1− a(m−1)m
amm
)
− k′m = 0, k′j ∈ N ∪ {0},
m∑
j=1
k′j  1, (16)
then system (14) does not have any formal ﬁrst integrals.
Condition (16) is equivalent to that for any k˜ j ∈ Z,∑mj=1 |k˜ j | 1,
k˜1a1m + k˜2a2m + · · · + k˜mamm = 0.
Therefore we can conclude that:
Corollary 1. If λ1, . . . , λn are N-independent, and for some j (1 j m), a1 j,a2 j, . . . ,amj are Z-independent, then system (14) does
not have any formal ﬁrst integrals.
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tion (12).
Example 2. Consider a 3-dimensional system of Lotka–Volterra type{ x˙1 = x1(−ax3),
x˙2 = x2(cx1 + dx2 + ex3 + f x4),
x˙3 = x3(1+ bx1 + ax3),
(17)
where a,b, c,d, e, f are real nonzero constants.
Obviously, system (17) satisﬁes (H). Then by Poincaré–Dulac normal form theorem, system (17) can be reduced to the
following canonical form⎧⎨
⎩
x˙1 = f 1(x1, x2),
x˙2 = x2(cx1 + dx2) + f 2(x1, x2),
x˙3 = x3 + f 3(x1, x2, x3),
where f 1(x1, x2) = O (|(x1, x2)|3), f 2(x1, x2) = O (|(x1, x2)|3) and f 3(x1, x2, x3) = O (|(x1, x2, x3)|2). The quadratic system{
x˙1 = 0,
x˙2 = x2(cx1 + dx2) (18)
can be treated as a quasihomogeneous system with exponents s1 = s2 = 1. After simple computing we get the unique
balance ξ = (0,− 1d ) of system (18) and the eigenvalues of the Kowalevskaya matrix μ1 = −1,μ2 = 1. Obviously, μ1,μ2 are
N-dependent. But we note that system (17) has a formal ﬁrst integral Φ = ax1x3 + 12bx21 + x1.
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